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Abstract: Generative Al can raise students’ assignment marks while concealing a decline in their unaided problem
solving. In vocational college mathematics, a semester supplies only twelve to sixteen weekly observations per student,
so large-sample classifiers cannot be estimated reliably; risk appears as several indicators deteriorating together, so
single-threshold rules overlook students approaching two limits at once; and dependence between indicators shifts once
generative Al enters the classroom, so static models respond too slowly. This paper proposes a grey—Copula dynamic
prediction method built around these three constraints. Four weekly indicators operationalise hidden learning risk as two
conjunctive events; an improved grey model produces one-step forecasts and threshold-crossing probabilities from a few
weeks of data; a rolling-window Copula couples paired indicators and is re-estimated weekly; and joint probabilities are
mapped onto a three-tier alert. In a simulation of 15 scenarios and 1,600 replications, the joint probabilities were better
calibrated than threshold and single-indicator rules (Brier score 0.115 against 0.177 and 0.262), and the rolling window
recovered the post-break dependence within about 2.5 weeks. The Copula layer improved recall more than calibration,

and an autoregressive alternative forecast better. No classroom validation is claimed.
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1. Introduction

Generative artificial intelligence (GenAl) has become an ordinary tool in mathematics classrooms. A student
photographs a problem, receives a complete solution within seconds, and copies a route to the answer that
looks like understanding. In vocational colleges, where many students enter with weak secondary-school
mathematics, this convenience meets a deliberately procedural curriculum — standard problem types, clear

steps, predictable marks — and these are the features GenAl reproduces most easily.
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Short-run performance is a poor guide to what has been learned. Unrestricted access to GPT-4 raised
practice scores by 48%, yet students who had used the tool scored 17% below those who had never used it

once it was withdrawn '

. A randomised study of university students’ writing reached a parallel conclusion:
assisted essays earned higher marks while knowledge gain and transfer did not differ, a pattern the authors
name metacognitive laziness ”. The mechanism is cognitive offloading; when the reasoning is delegated, the
practice that would build it never takes place, and the deficit stays invisible for as long as the tool is present.

What makes the deficit hard to manage is its timing. Assignment accuracy stays normal, the loss
surfaces in an unaided quiz, and by then the midterm has passed. A weekly signal would help, but three
constraints stand in the way. A semester yields twelve to sixteen observations per student, too few to estimate
a large-sample classifier. Risk is carried by co-deterioration, so indicator-by-indicator thresholds miss the
student whose help-seeking rises while transfer falls. And the dependence between indicators is not stable:
once GenAl becomes routine, help-seeking and transfer move together more or less strongly, and a model
estimated once cannot follow it.

The paper defines the construct (Section 2), builds the model (Section 3), reports a simulation (Section 4),
sets out the application pathway (Section 5), and discusses and concludes (Sections 6-7).

2. Hidden learning risk and its measurement

2.1. A gap between assisted and unassisted performance

We define hidden learning risk as the state in which a student can complete a task with Al assistance but
cannot complete an isomorphic task without it. Using GenAl is not in itself a risk indicator: a student who
consults a tool, understands the explanation and then transfers the method is using the tool as a scaffold.
Risk lies in the gap between assisted and unassisted performance, and the gap is hidden because the assisted
performance is what teachers observe, mark and record. The construct therefore has to be measured twice,

once under assistance and once without it, on a task of the same structure but a different surface.

2.2. Four weekly indicators

Four indicators carry the construct, all proportions in [0, 1] and all collectible within the ordinary timetable
(Table 1). Independent accuracy (IA) comes from a short, time-limited set solved with Al switched off.
Repeated-error rate (RE) comes from tagging homework errors against a cumulative list of error types and
counting the share that repeat an earlier type. Help-seeking dependence (AD) records how often a student
turns to the tool per task, checked by an unaided retest. Transfer accuracy (TA) comes from an isomorphic
item attempted immediately after an Al explanation.

Table 1. Weekly indicators of hidden learning risk

Indicator Symbol Weekly collection Direction and threshold
Independent accuracy 1A Correct share on 3-5 items .so!ved without Al, under time <0.60
limit
Repeated-error rate RE Share of this week’s errors repeating earlier error types >0.50
Help-seeking dependence AD Al queries per task, checked by an unaided retest >0.70
Transfer accuracy TA Correct share on isomorphic new items after an Al explana- <0.60

tion
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Thresholds are project-set values and require calibration in a real classroom. Source: compiled by the author.

2.3. Risk as a conjunction, not a threshold

No single indicator crossing its threshold is treated as risk: a student who seeks help often but transfers
well is being scaffolded. Risk is therefore a conjunction. Event £, = {AD > 0.70 and TA < 0.60} describes
dependence that has not been converted into competence, and event £, = {RE > 0.50 and IA < 0.60}
describes the absence of effective error correction. The composite event is U = E; U E,, and the target is the
probability that an event occurs in week n + 1 given the observations up to week n. A probability can be

ranked when time is short, and it avoids the false precision of a single-indicator label.

3. A grey—Copula dynamic prediction model
3.1. Architecture
The model has four layers: data (four indicators, weekly), marginal (one-step forecasts converted into

threshold-crossing probabilities), dependence (paired indicators on a rolling window) and output (joint risk
and alert level).

3.2. An improved grey model for short series
Grey prediction suits the situation a semester presents: a short series, no reliable distributional assumption,
and a need to extrapolate one step rather than explain a population .. The classical model accumulates the
series to weaken randomness, fits a first-order differential equation and recovers the forecast by inverse
accumulation.
First, the indicators lie in [0, 1] and a grey forecast can leave that interval, so a shifted logit is applied
before modelling and inverted afterwards:
vi=In[p/(1 —=pYl+5, p,=(x+0.02)/1.04 (1
where x, is the observed proportion in week £ and the shift keeps y, positive. Second, classical
accumulation weights early and recent weeks alike, so fractional-order accumulation with order » € (0, 1] is
used to give recent weeks more weight:
YUk =2 Clk—i+r—1,k—1i)y@i) 2)
where C is the generalised binomial coefficient defined through the gamma function; » = 1 returns the
classical model. Third, because a plain average background value biases the estimate when the series bends,
a weight A is introduced,
22k =1 y"k) + (1 =)y (k—1), A€[0.3,0.7] 3)
so that y(k) — y"(k — 1) + a z2”(k) = b can be estimated by least squares, with a the development coeffi-
cient and b the grey action; writing B for the matrix of rows (—z"(k), 1) and Y for the vector of first differenc-
es, the estimate is (3, )" = (B'B) 'B'Y. Fourth, the response function
YO+ 1) =) - Bal e ™ + bla 4)
gives the accumulated forecast, and a residual correction absorbs persistent bias, y(n + 1) =y(n + 1) +
¢ e(n) with e(n) = y(n) — ¥(n) and ¢ € {0, 0.2, ..., 1}. The settings (w, r, A, @) minimise the mean absolute
error over the four most recent origins and are shared by the class, so a student contributes a few weeks of

observations rather than a training set; if the best configuration beats the classical model by less than 2%, the
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classical model is kept.

3.3. From forecast to marginal risk
A point forecast is not an alert. The probability that an indicator will cross its threshold next week is read
from the empirical distribution of recent residuals rather than from a normal assumption that a few dozen
residuals cannot support. For help-seeking dependence, with E the pooled residuals of the last four forecast
origins, ¢ the threshold and g(-) the transformation in equation (1),
Pap=(#{e € E:e>g(c) — g()} + 0.5)/(E + 1) &)
with the inequality reversed for indicators whose risk lies below the threshold. The half-count and the
unit in the denominator keep the probability away from zero and one; the cost is a coarse scale, with about 2.5

percentage points at forty residuals.

3.4. Dependence through a rolling-window Copula
Marginal probabilities treat the indicators as independent. Copulas separate dependence from the margins: by
Sklar’s theorem the joint distribution of a pair of residuals is a Copula on the two margins “*. With pseudo-
observations oriented so that smaller is worse, the probability of the conjunctive event is
P(E\) = C(Pp, Prs> 9) (6)

where 0 parameterises dependence and independence corresponds to C(u, v) = uv. Seven families are
considered; because simultaneous deterioration is the event of interest, lower-tail dependence is the relevant
property, and for the Clayton family C(u, v; 0) = (u" + v * — 1) with lower-tail coefficient A, = 27", Pa-
rameters are estimated by pseudo-maximum likelihood on a four-week rolling window, with residuals de-
meaned by week and ranked, and the Akaike information criterion chooses the family. The short window is a
behavioural choice: a long window would average the new regime with the old.

3.5. Joint risk and three-tier alerts
The two events involve disjoint pairs of indicators and their mutual dependence cannot be estimated from
four weeks of data, so they are treated as conditionally independent,

PU)=1-[1-PE)][ - P(E)] (7)
and the alert level follows from the joint probability,
L(P)=1+1(P=>0.30)+ (P> 0.60) (8)

where /() is the indicator function and L = 1, 2, 3 denotes low, moderate and high risk. The cut-points
are not estimates but administrative choices about how many students a teacher is asked to follow up in a
given week, and they should be set with intervention capacity in mind.

4. Simulation
4.1. Design

Because thresholds and dependence are stipulated, the method was evaluated on simulated data in which true
risk is known. A class of 120 students was followed for 16 weeks: weeks 1-8 warm-up, weeks 9—16 predict-
ed and scored. Students were drawn from three profiles, stable (60%), Al-dependent (20%) and volatile (20%),
and each indicator was generated as an individual mean plus a learning curve 0.35(1 — e ') plus an AR(1)
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disturbance, observed as a binomial proportion over 20 items, retaining the noise of real marking. GenAl ar-
rived in week 10; help-seeking then rose across the class, and transfer and error correction fell for dependent
students. The dependence between AD and TA disturbances came from a Clayton Copula with t rising from
0.30 to 0.60 at the break; RE and IA kept T = 0.30. In the baseline scenario, £, occurred in 17.4% of stu-
dent-weeks and U in 21.9%.

Fourteen further scenarios varied class size (60 and 240), term length (12 and 20 weeks), post-break
dependence (t = 0.45 and 0.75), the Copula family (Frank, t), the timing of the break (none, week 13), item
count (10 and 40), independence of the shocks, and a class-wide trend. The baseline was replicated 200 times
and the other scenarios 100 times, 1,600 replications in all with fixed seeds.

4.2. Point forecasts

The improved grey model (IGM) was compared with a naive forecast, GM(1,1), a metabolic GM(1,1) with a
four-week window, and a panel AR(1). The IGM had the lowest mean absolute error of the three grey variants
(0.1509 against 0.1591 and 0.1898; Table 2) and beat GM(1,1) in every replication and scenario after Holm
correction. Two results qualify the claim: the IGM was only 0.0023 better than the naive forecast, and the
panel AR(1) was better still (0.1370) in every scenario, because the AR model is correctly specified for the
generating process. With strongly autocorrelated real data, the grey model may not be the best predictor; it
needs no estimated autocorrelation structure, starts from a few weeks of data, and cannot forecast outside the
admissible range.

Table 2. One-step forecast error, baseline scenario (mean over 200 replications)

Method MAE RMSE MAPE (%)
Naive (last week’s value) 0.1532 0.1991 40.11
GM(1,1) 0.1591 0.2040 42.96
Metabolic GM(1,1), w =4 0.1898 0.2451 49.77
Improved grey model (IGM) 0.1509 0.1960 38.73
Panel AR(1) 0.1370 0.1746 37.85

Four indicators pooled. Standard deviations are below 0.004 for MAE and RMSE and about 1.2 for MAPE. Source: simulated by the

author.

4.3. Joint risk

For E, the joint probabilities were better calibrated and more discriminating than the rules they replace (Table
3): the Brier score was 0.1150 against 0.1767 for a threshold rule applied to the same point forecasts and
0.2615 for a single-indicator rule on AD, with AUC 0.802 against 0.682 and 0.692; the paired differences
were significant after Holm correction in all 15 scenarios. The gain comes from issuing a probability rather
than a cut: students near a threshold receive intermediate probabilities instead of being treated alike. Two
comparisons are less favourable. Logistic regression matched the Brier score (0.1157) with a higher AUC, but
much lower recall (0.381), and it was better in the no-break, late-break, and 12-week scenarios. The Copula
layer added little to calibration (0.1150 against 0.1145 under independence) but raised recall from 0.526 to
0.576 and F1 from 0.494 to 0.499, and with GM(1,1) margins the Brier score rose to 0.1233: the dependence

correction is only as good as the margins.
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Table 3. Alert performance for E1, baseline scenario (mean over 200 replications)

Method Brier AUC Recall F1
Grey—Copula, rolling window 0.1150 0.802 0.576 0.499
Independence (no Copula) 0.1145 0.803 0.526 0.494
Static Copula 0.1147 0.802 0.561 0.498
GM(1,1) margins + Copula 0.1233 0.772 0.516 0.459
AR(1) margins + Copula 0.1143 0.807 0.423 0.470
Logistic regression 0.1157 0.805 0.381 0.449
Point-forecast threshold rule 0.1767 0.682 0.468 0.477
Single indicator (AD > 0.70) 0.2615 0.692 0.622 0.451

Recall, precision and F1 use P > 0.30 as the alert cut. Source: simulated by the author.

4.4. Tracking the shift in dependence

The rolling window was built for the week-10 break and tracked it: the estimated t rose from about 0.14 to 0.24
and reached the post-break level in 2.5 £+ 1.1 weeks, against 6.0 + 1.9 weeks for an expanding window, which
never caught up in 35% of replications against 0.5% for the rolling window (paired difference —3.4 weeks).
Faster tracking did not translate into a lower Brier score on grey margins. Tail dependence was underestimat-
ed: a lower-tail family was selected in only about 30% of runs and the lower-tail coefficient was off by 0.542,
against 0.561 and 0.595 for expanding-window and Gaussian-only specifications.

The alert bands behaved monotonically, with observed E, incidence of 0.094, 0.362 and 0.653 in the
low, moderate and high bands. AR margins discriminated more steeply (0.115, 0.500, 0.797) but flagged only
28% as many student-weeks as high risk, which is less useful where follow-up capacity binds. None of this
shows that the method improves learning: it shows calibrated probabilities when the generating mechanism
matches the model’s assumptions, not that it would in a classroom.

5. Running the method in an ordinary teaching week

The data come from work a teacher already does. In the last ten minutes of the week’s final lesson,
students complete a short set with Al switched off: three to five routine items, which give IA, and one item
isomorphic to a problem explained with Al earlier in the week, which gives TA. Homework errors are tagged
during marking, which gives RE, and queries to the school-approved platform give AD. Weeks 1-8 fix the
parameters; alerts begin in week 9, leaving half the semester for intervention. Because parameters are shared,
a class of forty is modelled as forty short series.

Interventions are matched to the band and kept short. Moderate risk receives an error-feedback sheet
listing the error types that recurred in the previous fortnight. High risk adds a timed unaided redo, in
which the student reworks a problem originally completed with assistance and explains the key step aloud.
Students flagged on £, receive an isomorphic transfer item immediately after the next Al explanation, so that
comprehension is converted into performance before the lesson ends.

Three boundaries should be fixed before collection begins. Alerts support teaching only; they are
not evidence for assessment, ranking or disciplinary action, and a mark must never depend on a predicted
probability. Results are visible to the teacher and to the student concerned, and feedback is phrased as a

possibility rather than a judgement. Only the four indicators are stored, records are deleted at the end of
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the semester, and students are told plainly that the model watches whether help turns into independent
performance, not whether help was sought.

6. Discussion

Three design decisions carry the argument. Reading marginal probabilities from residuals rather than a
normal curve keeps them transparent when a teacher asks why a student was flagged. Defining risk as
a conjunction encodes the joint nature of the phenomenon and yields a ranking rather than a label. Re-
estimating dependence weekly follows from the claim that GenAl changes how indicators co-move; the
simulation supports the responsiveness and shows its price, since four weeks contain few observations.

The vulnerabilities are equally clear. Errors in the marginal layer propagate into the joint probability,
and the Copula can reweight margins but not repair them. Tail dependence estimated from short windows is
underestimated, which biases conjunctive probabilities downward in the cases that matter most. Conditional
independence understates risk when a student deteriorates across all four indicators at once. And the

thresholds are administrative values that have not been calibrated against outcomes.

7. Conclusion

The characteristic risk of generative Al in vocational mathematics is not heavy use but a widening gap
between assisted and unassisted performance, and that gap can be turned into a weekly signal with modest
collection. The proposed method defines risk as a conjunction of indicators, forecasts each indicator with
a grey model built for short series and bounded proportions, converts forecasts into threshold-crossing
probabilities, and couples paired indicators through a rolling-window Copula. Simulation shows calibrated
joint probabilities, a clear advantage over threshold and single-indicator rules, and fast recovery of a break in
dependence, alongside a Copula gain that rests on the quality of the margins and an autoregressive alternative
that forecasts better under matched assumptions.

No classroom validation is claimed: the thresholds are stipulated, conditional independence is an
approximation, and the behaviour of the rolling window under real classroom noise is unknown. The
next step is a one-semester study in cooperating vocational colleges that collects the four indicators under
informed consent, calibrates thresholds against observed outcomes, and compares grey marginals with
autoregressive alternatives, with parallel classes as controls. Until then, the method is a design for a signal a

teacher could act on, not evidence that acting on it improves learning.
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